Received: December 16, 1998, Accepted: February 19, 1999

HYPER VERSION

Model-independent analysis of B → πK decays and bounds on the weak phase γ

Matthias Neubert

Theory Group, Stanford Linear Accelerator Center, Stanford University, Stanford, California 94309, U.S.A. E-mail: neubert@slac.stanford.edu

Abstract: A general parametrization of the amplitudes for the rare two-body decays B → πK is introduced, which makes maximal use of theoretical constraints arising from flavour symmetries of the strong interactions and the structure of the low-energy effective weak Hamiltonian. With the help of this parametrization, a model-independent analysis of the branching ratios and direct CP asymmetries in the various B → πK decay modes is performed, and the impact of hadronic uncertainties on bounds on the weak phase γ = arg(V^∗_{ub}) is investigated.

Keywords: B-Physics, CP Violation, Rare Decays, Global Symmetries.

Contents

1. Introduction 1

2. Isospin decomposition 3 2.1 Preliminaries 3 2.2 Isovector part of the effective weak Hamiltonian 6 2.3 Structure of the isospin amplitude A_{3/2} 8 2.4 Structure of the amplitude combination B_{1/2} + A_{1/2} + A_{3/2} 11 2.5 Structure of the amplitude combination A_{1/2} + A_{3/2} 13 2.6 Numerical results 15

3. Hadronic uncertainties in the Fleischer–Mannel bound 17

4. Hadronic uncertainties in the R_∗ bound 18

5. Prospects for direct CP asymmetries and prediction for the B^0 → π^0K^0 branching ratio 23 5.1 Decays of charged B mesons 23 5.2 Decays of neutral B mesons 24

6. Determination of γ from B^± → πK, ππ decays 28

7. Conclusions 30

1. Introduction

The CLEO Collaboration has recently reported the observation of some rare twobody decays of the type B → πK, as well as upper bounds for the decays B → ππ and B → KK̄ [1]. In particular, they find the CP-averaged branching ratios 1 2 [ Br(B^0 → π^−K^+) + Br(B̄^0 → π^+K^−) ] = (1.4 ± 0.3 ± 0.1) × 10^{−5} , 1 2 [ Br(B^+ → π^+K^0) + Br(B^− → π^−K̄^0) ] = (1.4 ± 0.5 ± 0.2) × 10^{−5} , 1 2 [ Br(B^+ → π^0K^+) + Br(B^− → π^0K^−) ] = (1.5 ± 0.4 ± 0.3) × 10^{−5} . (1.1)

This observation caused a lot of excitement, because these decays offer interesting insights into the relative strength of various contributions to the decay amplitudes, whose interference can lead to CP asymmetries in the decay rates. It indeed appears that there may be potentially large interference effects, depending on the magnitude of some strong interaction phases (see, e.g., [2]). Thus, although at present only measurements of CP-averaged branching ratios have been reported, the prospects are good for observing direct CP violation in some of the B → πK or B → KK̄ decay modes in the near future.

It is fascinating that some information on CP-violating parameters can be extracted even without observing a single CP asymmetry, from measurements of CPaveraged branching ratios alone. This information concerns the angle γ of the socalled unitarity triangle, defined as γ = arg[(V^∗_{ub}V_{ud})/(V^∗_{cb}V_{cd})]. With the standard phase conventions for the Cabibbo-Kobayashi-Maskawa (CKM) matrix, γ = arg(V^∗_{ub}) to excellent accuracy. There have been proposals for deriving bounds on γ from measurements of the ratios R = τ(B^+) τ(B^0)

Br(B^0 → π^−K^+) + Br(B̄^0 → π^+K^−) Br(B^+ → π^+K^0) + Br(B^− → π^−K̄^0) , R_∗ =

Br(B^+ → π^+K^0) + Br(B^− → π^−K̄^0) 2[Br(B^+ → π^0K^+) + Br(B^− → π^0K^−)]

, (1.2)

whose current experimental values are R = 1.07 ± 0.45 (we use τ(B^+)/τ(B^0) = 1.07 ± 0.03) and R_∗ = 0.47 ± 0.24. The Fleischer–Mannel bound R ≥ sin^2γ [3] excludes values around |γ| = 90^∘ provided that R < 1. However, this bound is subject to theoretical uncertainties arising from electroweak penguin contributions and strong rescattering effects, which are difficult to quantify [4]–[9]. The bound 1 − √ R_∗ ≤ ε̄_{3/2} |δ_{EW} − cos γ| + O(ε̄^2_{3/2}) (1.3)

derived by Rosner and the present author [10], where δ_{EW} = 0.64 ± 0.15 accounts for electroweak penguin contributions, is less affected by such uncertainties; however, it relies on an expansion in the small parameter

ε̄_{3/2} = √ 2 R_{SU(3)} tan θ_C [ Br(B^+ → π^+π^0) + Br(B^− → π^−π^0) Br(B^+ → π^+K^0) + Br(B^− → π^−K̄^0) ]_{1/2} , (1.4)

whose value has been estimated to be ε̄_{3/2} = 0.24±0.06. Here θ_C is the Cabibbo angle, and the factor R_{SU(3)} ≃ f_K /f_π accounts for SU(3)-breaking corrections. Assuming the smallness of certain rescattering effects, higher-order terms in the expansion in ε̄_{3/2} can be shown to strengthen the bound (1.3) provided that the value of R_∗ is not much larger than indicated by current data, i.e., if R_∗ < (1 − ε̄_{3/2}/ √ 2)^2 ≈ 0.7 [10].

One of our main goals in the present work is to address the question to what extent these bounds can be affected by hadronic uncertainties, and whether the theoretical assumptions underlying them are justified. To this end, we perform a general analysis of the various B → πK decay modes, pointing out where theoretical information from isopsin and SU(3) flavour symmetries can be used to eliminate hadronic uncertainties. Our approach will be to vary parameters not constrained by theory (strong-interaction phases, in particular) within conservative ranges so as to obtain a model-independent description of the decay amplitudes. An analysis pursuing a similar goal has recently been presented by Buras and Fleischer [11]. Where appropriate, we will point out the relations of our work with theirs and provide a translation of notations. Although we take a similar starting point, however, some of our conclusions will be different from the ones reached in their work.

In section 2, we present a general parametrization of the various isospin amplitudes relevant to B → πK decays and discuss theoretical constraints resulting from flavour symmetries of the strong interactions and the structure of the low-energy effective weak Hamiltonian. We summarize model-independent results derived recently for the electroweak penguin contributions to the isovector part of the effective Hamiltonian [6, 9] and point out constraints on certain rescattering contributions resulting from B → KK̄ decays [7, 9, 12, 13]. The main results of this analysis are presented in section 2.6, which contains numerical predictions for the various parameters entering our parametrization of the decay amplitudes. The remainder of the paper deals with phenomenological applications of these results. In section 3, we discuss corrections to the Fleischer–Mannel bound resulting from final-state rescattering and electroweak penguin contributions. In section 4, we show how to include rescattering effects to the bound (1.3) at higher orders in the expansion in ε̄_{3/2}. Detailed predictions for the direct CP asymmetries in the various B → πK decay modes are presented in section 5, where we also present a prediction for the CP-averaged B^0 → π^0K^0 branching ratio, for which at present only an upper limit exists. In section 6, we discuss how the weak phase γ, along with a strong-interaction phase difference ϕ, can be determined from measurements of the ratio R_∗ and of the direct CP asymmetries in the decays B^± → π^0K^± and B^± → π^±K^0 (here K^0 means K^0 or K̄^0, as appropriate). This generalizes a method proposed in [14] to include rescattering corrections to the B^± → π^±K^0 decay amplitudes. Section 7 contains a summary of our result and the conclusions.

2. Isospin decomposition

2.1 Preliminaries

The effective weak Hamiltonian relevant to the decays B → πK is [15] H = G_F √ 2 { ∑ i=1,2 C_i ( λ_u Q^u_i + λ_c Q^c_i ) − λ_t 10∑ i=3 C_i Q_i } + h.c. , (2.1) where λ_q = V^∗_{qb}V_{qs} are products of CKM matrix elements, C_i are Wilson coefficients, and Q_i are local four-quark operators. Relevant to our discussion are the isospin quantum numbers of these operators. The current–current operators Q^u_{1,2} ∼ b̄sūu have components with ΔI = 0 and ΔI = 1; the current–current operators Q^c_{1,2} ∼ b̄sc̄c and the QCD penguin operators Q_{3,...,6} ∼ b̄s ∑ q̄q have ΔI = 0; the electroweak penguin operators Q_{7,...,10} ∼ b̄s ∑ e_qq̄q, where e_q are the electric charges of the quarks, have ΔI = 0 and ΔI = 1. Since the initial B meson has I =^1_2 and the final states (πK) can be decomposed into components with I =^1_2 and I =^3_2 , the physical B → πK decay amplitudes can be described in terms of three isospin amplitudes. They are called B_{1/2}, A_{1/2}, and A_{3/2} referring, respectively, to ΔI = 0 with I_{πK} =^1_2 , ΔI = 1 with I_{πK} =^1_2 , and ΔI = 1 with I_{πK} =^3_2 [6, 16, 17]. The resulting expressions for the decay amplitudes are

A(B^+ → π^+K^0) = B_{1/2} + A_{1/2} + A_{3/2} , − √ 2 A(B^+ → π^0K^+) = B_{1/2} + A_{1/2} − 2A_{3/2} , −A(B^0 → π^−K^+) = B_{1/2} − A_{1/2} − A_{3/2} , √ 2 A(B^0 → π^0K^0) = B_{1/2} − A_{1/2} + 2A_{3/2} . (2.2)

From the isospin decomposition of the effective Hamiltonian it is obvious which operator matrix elements and weak phases enter the various isospin amplitudes. Experimental data as well as theoretical expectations indicate that the amplitude B_{1/2}, which includes the contributions of the QCD penguin operators, is significantly larger than the amplitudes A_{1/2} and A_{3/2} [2, 6]. Yet, the fact that A_{1/2} and A_{3/2} are different from zero is responsible for the deviations of the ratios R and R_∗ in (1.2) from 1.

Because of the unitarity relation λ_u +λ_c +λ_t = 0 there are two independent CKM parameters entering the decay amplitudes, which we choose to be^1 −λ_c = e^{iπ}|λ_c| and λ_u = e^{iγ} |λ_u|. Each of the three isospin amplitudes receives contributions proportional to both weak phases. In total, there are thus five independent strong-interaction phase differences (an overall phase is irrelevant) and six independent real amplitudes, leaving as many as eleven hadronic parameters. Even perfect measurements of the eight branching ratios for the various B → πK decay modes and their CP conjugates would not suffice to determine these parameters. Facing this problem, previous authors have often relied on some theoretical prejudice about the relative importance of various parameters. For instance, in the invariant SU(3)-amplitude approach based on flavour-flow topologies [18, 19], the isospin amplitudes are expressed as linear combinations of a QCD penguin amplitude P , a tree amplitude T , a colour-suppressed tree amplitude C, an annihilation amplitide A, an electroweak penguin amplitude P_{EW}, and a colour-suppressed electroweak penguin amplitude P^C_{EW}, which are expected to obey the following hierarchy: |P | ≫ |T | ∼ |P_{EW}| ≫ |C| ∼ |P^C_{EW}| > |A|.

1Taking λ_c to be real is an excellent approximation.

These naive expectations could be upset, however, if strong final-state rescattering effects would turn out to be important [5]–[8], a possibility which at present is still under debate. Whereas the colour-transparency argument [20] suggests that finalstate interactions are small in B decays into a pair of light mesons, the opposite behaviour is exhibited in a model based on Regge phenomenology [21]. For comparison, we note that in the decays B → D^{(∗)}h, with h = π or ρ, the final-state phase differences between the I =^1_2 and I =^3_2 isospin amplitudes are found to be smaller than 30^∘–50^∘ [22].

Here we follow a different strategy, making maximal use of theoretical constraints derived using flavour symmetries and the knowledge of the effective weak Hamiltonian in the Standard Model. These constraints help simplifying the isospin amplitude A_{3/2}, for which (to an excellent approximation) the two contributions with different weak phases turn out to have the same strong-interaction phase and magnitudes that can be determined without encountering large hadronic uncertainties [10]. Theoretical uncertainties enter only at the level of SU(3)-breaking corrections, which can be accounted for using the generalized factorization approximation [22]. Effectively, these simplifications remove three parameters (one phase and two magnitudes) from the list of unknown hadronic quantities. There is at present no other clean theoretical information about the remaining parameters, although some constraints can be derived using measurements of the branching ratios for the decays B^± → K^±K̄^0 and invoking SU(3) symmetry [7, 9, 12, 13]. Nevertheless, interesting insights can be gained by fully exploiting the available information on A_{3/2}.

Before discussing this in more detail, it is instructive to introduce certain linear combinations of the isospin amplitudes, which we choose as

B_{1/2} + A_{1/2} + A_{3/2} = P + A − 1 3 P^C_{EW} ,

−3A_{3/2} = T + C + P_{EW} + P^C_{EW} , −2(A_{1/2} + A_{3/2}) = T − A + P^C_{EW} . (2.3)

In the latter two relations, the amplitudes T , C and A carry the weak phase e^{iγ} , whereas the electroweak penguin amplitudes P_{EW} and P^C_{EW} carry the weak phase^2 e^{iπ}. Decomposing the QCD penguin amplitude as P = ∑ q λ_qP_q, and similarly writing A = λ_uA_u and P^C_{EW} = λ_tP^C_{EW,t}, we rewrite the first relation in the form

B_{1/2} + A_{1/2} + A_{3/2} = −λ_c ( P_t − P_c − 1 3 P^C_{EW,t} ) + λ_u(A_u − P_t + P_u) ≡ |P | e^{iϕP} ( e^{iπ} + ε_a e^{iγ} e^{iη} ) . (2.4)

2Because of their smallness, it is a safe approximation to set λ_t = −λ_c for the electroweak penguin contributions, and to neglect electroweak penguin contractions in the matrix elements of the four-quark operators Q^u_i and Q^c_i .

By definition, the term |P | e^{iϕP} e^{iπ} contains all contributions to the B^+ → π^+K^0 decay amplitude not proportional to the weak phase e^{iγ} . We will return to a discussion of the remaining terms below. It is convenient to adopt a parametrization of the other two amplitude combinations in (2.3) in units of |P |, so that this parameter cancels in predictions for ratios of branching ratios. We define −3A_{3/2} |P | = ε_{3/2} e^{iϕ3/2} (e^{iγ} − q e^{iω}) , −2(A_{1/2} + A_{3/2}) |P | = ε_T e^{iϕT} (e^{iγ} − q_C e^{iωC} ) , (2.5)

where the terms with q and q_C arise from electroweak penguin contributions. In the above relations, the parameters ϕ_P , η, ϕ_{3/2}, ϕ_T , ω, and ω_C are strong-interaction phases. For the benefit of the reader, it may be convenient to relate our definitions in (2.4) and (2.5) with those adopted by Buras and Fleischer [11]. The identificantions are: |P | e^{iϕP} ↔ λ_c|P_{tc}| e^{iδtc} , ε_a e^{iη} ↔ −ρ e^{iθ}, ϕ_{3/2} ↔ δ_{T +C} , and ϕ_T ↔ δ_T . The notations for the electroweak penguin contributions conincide. Moreover, if we define

ε̄_{3/2} ≡ ε_{3/2} √ 1 − 2ε_a cos η cos γ + ε^2_a

, (2.6)

then ε̄_{3/2} ↔ r_c and ε_T /ε_{3/2} ↔ r/r_c. With this definition, the parameter ε̄_{3/2} is precisely the quantity that can be determined experimentally using the relation (1.4).

2.2 Isovector part of the effective weak Hamiltonian

The two amplitude combinations in (2.5) involve isospin amplitudes defined in terms of the strong-interaction matrix elements of the ΔI = 1 part of the effective weak Hamiltonian.^3 This part contains current–current as well as electroweak penguin operators. A trivial but relevant observation is that the electroweak penguin operators Q_9 and Q_{10}, whose Wilson coefficients are enhanced by the large mass of the top quark, are Fierz-equivalent to the current–current operators Q_1 and Q_2 [6, 9, 23]. As a result, the ΔI = 1 part of the effective weak Hamiltonian for B → πK decays can be written as

H_{ΔI=1} = G_F √ 2 {( λ_uC_1 − 3 2 λ_tC_9 ) Q̄_1 + ( λ_uC_2 − 3 2 λ_tC_{10} ) Q̄_2 + · · · } + h.c. , (2.7)

where Q̄_i =^1_2 (Q^u_i −Q^d_i ) are isovector combinations of four-quark operators. The dots represent the contributions from the electroweak penguin operators Q_7 and Q_8, which have a different Dirac structure. In the Standard Model, the Wilson coefficients of these operators are so small that their contributions can be safely neglected [15]. It is important in this context that for heavy mesons the matrix elements of four-quark

3This statement implies that QED corrections to the matrix elements are neglected, which is an excellent approximation.

operators with Dirac structure (V − A) ⊗ (V + A) are not enhanced with respect to those of operators with the usual (V − A) ⊗ (V − A) structure. To an excellent approximation, the net effect of electroweak penguin contributions to the ΔI = 1 isospin amplitudes in B → πK decays thus consists of the replacements of the Wilson coefficients C_1 and C_2 of the current–current operators with the combinations shown in (2.7). Introducing the linear combinations C_± = (C_2 ± C_1) and Q̄_± =^1_2 (Q̄_2 ± Q̄_1), which have the advantage of being renormalized multiplicatively, we obtain

H_{ΔI=1} ≃ G_F √ 2 |V^∗_{ub}V_{us}| { C_+(e^{iγ} − δ_+) Q̄_+ + C_−(e^{iγ} − δ_−) Q̄_− } + h.c. , (2.8)

where δ_± = −

3 cot θ_C 2 |V_{ub}/V_{cb}| C_{10} ± C_9 C_2 ± C_1

. (2.9)

We have used λ_u/λ_t ≃ −λ_u/λ_c ≃ − tan θ_C |V_{ub}/V_{cb}| e^{iγ}, with the ratio |V_{ub}/V_{cb}| = 0.089 ± 0.015 determined from semileptonic B decays [24].

From the fact that the products C_± Q̄_± are renormalization-group invariant, it follows that the quantities δ_± themselves must be scheme- and scale-independent (in a certain approximation). Indeed, the ratios of Wilson coefficients entering in (2.9) are, to a good approximation, independent of the choice of the renormalization scale. Taking the values C_1 = −0.308, C_2 = 1.144, C_9 = −1.280α and C_{10} = 0.328α, which correspond to the leading-order coefficients at the scale μ = m_b [15], we find (C_{10} + C_9)/(C_2 + C_1) ≈ −1.14α and (C_{10} − C_9)/(C_2 − C_1) ≈ 1.11α, implying that δ_− ≈ −δ_+. The statement of the approximate renormalization-group invariance of the ratios δ_± can be made more precise by noting that the large values of the Wilson coefficients C_9 and C_{10} at the scale μ = m_b predominantly result from large matching contributions to the coefficient C_9(m_W ) arising from box and Z-penguin diagrams, whereas the O(α) contributions to the anomalous dimension matrix governing the mixing of the local operators Q_i lead to very small effects. If these are neglected, then to next-to-leading order in the QCD evolution the coefficients (C_{10} ± C_9) are renormalized multiplicatively and in precisely the same way as the coefficients (C_2 ± C_1). We have derived this result using the explicit expressions for the anomalous dimension matrices compiled in [15].^4 Hence, in this approximation the ratios of coefficients entering the quantities δ_± are renormalization-scale independent and can be evaluated at the scale m_W , so that

C_{10} ± C_9 C_2 ± C_1

≃ ±C_9(m_W ) = ∓ α 12π x_t sin^2θ_W ( 1 + 3 ln x_t x_t − 1 ) + · · · ≈ ∓1.18α , (2.10)

4The equivalence of the anomalous dimensions at next-to-leading order is nontrivial because the operators Q_9 and Q_{10} are related to Q_1 and Q_2 by a Fierz identity. The corresponding two-loop anomalous dimensions are identical in regularization schemes that preserve this identity, such as dimensional regularization with anticommuting γ_5.

where θ_W is the Weinberg angle, and x_t = (m_t/m_W )^2. This result agrees with an equivalent expression derived in [23]. The dots in (2.10) represent renormalizationscheme dependent terms, which are not enhanced by the factor x_t/ sin^2θ_W . These terms are numerically very small and of the same order as the coefficients C_7 and C_8, whose values have been neglected in our derivation. The leading terms given above are precisely the ones that must be kept to get a consistent, renormalization-group invariant result. We thus obtain

δ_+ = −δ_− = α 8π cot θ_C |V_{ub}/V_{cb}| x_t sin^2θ_W ( 1 + 3 ln x_t x_t − 1 ) = 0.68 ± 0.11 , (2.11)

where we have taken α = 1/129 for the electromagnetic coupling renormalized at the scale m_b, and m_t = m_t(m_t) = 170 GeV for the running top-quark mass in the MS renormalization scheme. Assuming that there are no large O(α_s) corrections with this choice, the main uncertainty in the estimate of δ_+ in the Standard Model results from the present error on |V_{ub}|, which is likely to be reduced in the near future.

The sensitivity of the B → πK decay amplitudes to the value of δ_+ provides a window to New Physics, which could alter the value of this parameter significantly. A generic example are extensions of the Standard Model with new heavy particles such as supersymmetry, for which there are additional matching contributions to C_9(m_W ). We will come back to this point in section 4.

2.3 Structure of the isospin amplitude A_{3/2}

U-spin invariance of the strong interactions, which is a subgroup of flavour SU(3) symmetry corresponding to transformations exchanging d and s quarks, implies that the isospin amplitude A_{3/2} receives a contribution only from the operator Q̄_+ in (2.8), but not from Q̄_− [10]. In order to investigate the corrections to this limit, we parametrize the matrix elements of the local operators C_±Q̄_± between a B meson and the (πK) isospin state with I =^3_2 by hadronic parameters K^±_{3/2} e^{iϕ±3/2} , so that

−3A_{3/2} = K^+_{3/2} e^{iϕ+3/2} (e^{iγ} − δ_+) + K^−_{3/2} e^{iϕ−3/2} (e^{iγ} + δ_+) ≡ ( K^+_{3/2} e^{iϕ+3/2} + K^−_{3/2} e^{iϕ−3/2} ) (e^{iγ} − q e^{iω}) . (2.12)

In the SU(3) limit K^−_{3/2} = 0, and hence SU(3)-breaking corrections can be parametrized by the quantity κ e^{iΔφ3/2} ≡ 2K^−_{3/2} e^{iϕ−3/2} K^+_{3/2} e^{iϕ+3/2} + K^−_{3/2} e^{iϕ−3/2} = 2 K^+_{3/2} K^−_{3/2} e^{i(ϕ+3/2−ϕ−3/2)} + 1 −1 , (2.13)

in terms of which q e^{iω} = ( 1 − κ e^{iΔφ3/2} ) δ_+ . (2.14)

This relation generalizes an approximate result derived in [10].

The magnitude of the SU(3)-breaking effects can be estimated by using the generalized factorization hypothesis to calculate the matrix elements of the current– current operators [22]. This gives κ ≃ 2 [ a_1 + a_2 a_1 − a_2

A_K + A_π A_K − A_π + 1 ]_{−1} = (6 ± 6)% , Δφ_{3/2} ≃ 0 , (2.15)

where A_K = f_K (m^2_B −m^2_π)F^{B→π}_0 (m^2_K ) and A_π = f_π(m^2_B −m^2_K )F^{B→K}_0 (m^2_π) are combinations of hadronic matrix elements, and a_1 and a_2 are phenomenological parameters defined such that they contain the leading corrections to naive factorization. For a numerical estimate we take a_2/a_1 = 0.21 ± 0.05 as determined from a global analysis of nonleptonic two-body decays of B mesons [22], and A_π/A_K = 0.9 ± 0.1, which is consistent with form factor models (see, e.g., [25]–[27]) as well as the most recent predictions obtained using light-cone QCD sum rules [28]. Despite the fact that nonfactorizable corrections are not fully controlled theoretically, the estimate (2.15) suggests that the SU(3)-breaking corrections in (2.14) are small. More importantly, such effects cannot induce a sizable strong-interaction phase ω. Since Q̄_+ and Q̄_− are local operators whose matrix elements are taken between the same isospin eigenstates, it is very unlikely that the strong-interaction phases ϕ^+_{3/2} and ϕ^−_{3/2} could differ by a large amount. If we assume that these phases differ by at most 20^∘, and that κ < 0.12 (corresponding to twice the central value obtained using factorization), we find that |ω| < 2.7^∘. Even for a phase difference Δφ_{3/2} ≃ |ϕ^+_{3/2} − ϕ^−_{3/2}| = 90^∘, which seems unrealistic, the phase |ω| would not exceed 7^∘. It is therefore a safe approximation to work with the real value [10]

δ_{EW} ≡ (1 − κ) δ_+ = 0.64 ± 0.15 , (2.16)

where to be conservative we have added linearly the uncertainties in the values of κ and δ_+. We believe the error asigned above is large enough to cover possible small contributions from a nonzero phase difference Δφ_{3/2} or deviations from the factorization approximation. For completeness, we note that our general results for the structure of the electroweak penguin contributions to the isospin amplitude A_{3/2}, including the pattern of SU(3)-breaking effects, are in full accord with model estimates by Deshpande and He [29]. Generalizations of our results to the case of B → ππ, KK̄ decays and the corresponding B_s decays are possible using SU(3) symmetry, as discussed in [30, 31].

In the last step, we define K^+_{3/2} e^{iϕ+3/2} + K^−_{3/2} e^{iϕ−3/2} ≡ |P | ε_{3/2} e^{iϕ3/2} , so that [10] −3A_{3/2} |P | = ε_{3/2} e^{iϕ3/2} (e^{iγ} − δ_{EW}) . (2.17)

The complex quantity q e^{iω} in the general parametrization in (2.5) is now replaced with the real parameter δ_{EW}, whose numerical value is known with reasonable accuracy. The above argument showing that the strong-interaction phase ω can be neglected was not used by Buras and Fleischer, who considered values as large as |ω| = 45^∘ and therefore asigned a larger hadronic uncertainty to the isospin amplitude A_{3/2} [11].

In the SU(3) limit, the product |P | ε_{3/2} is determined by the decay amplitude for the process B^± → π^±π^0 through the relation |P | ε_{3/2} = √ 2 R_{SU(3)} R_{EW} tan θ_C | | |A(B^± → π^±π^0) | | | , (2.18)

where^5 R_{EW} = | | |e^{iγ} − V_{td} V_{ud} V_{us} V_{ts} δ_{EW} | | | ≃ | | |1 − λ^2R_t δ_{EW} e^{−iα} | | | (2.19)

is a tiny correction arising from the very small electroweak penguin contributions to the decays B^± → π^±π^0. Here λ = sin θ_C ≈ 0.22 and R_t = [(1 − ρ)^2 + η^2]^{1/2} ∼ 1 are Wolfenstein parameters, and α is another angle of the unitarity triangle, whose preferred value is close to 90^∘ [32]. It follows that the deviation of R_{EW} from 1 is of order 1–2%, and it is thus a safe approximation to set R_{EW} = 1. More important are SU(3)-breaking corrections, which can be included in (2.18) in the factorization approximation, leading to

R_{SU(3)} ≃ a_1 a_1 + a_2 f_K f_π + a_2 a_1 + a_2 F^{B→K} 0 (m^2_π) F^{B→π}_0 (m^2_π) ≃ f_K f_π ≈ 1.2 , (2.20)

where we have neglected a tiny difference in the phase space for the two decays. Relation (2.18) can be used to determine the parameter ε̄_{3/2} introduced in (2.6), which coincides with ε_{3/2} up to terms of O(ε_a). To this end, we note that the CPaveraged branching ratio for the decays B^± → π^±K^0 is given by

Br(B^± → π^±K^0) ≡ 1 2 [ Br(B^+ → π^+K^0) + Br(B^− → π^−K̄^0) ] = |P |^2 ( 1 − 2ε_a cos η cos γ + ε^2_a ) . (2.21)

Combining this result with (2.18) we obtain relation (1.4), which expresses ε̄_{3/2} in terms of CP-averaged branching ratios. Using preliminary data reported by the CLEO Collaboration [1] combined with some theoretical guidance, one finds ε̄_{3/2} = 0.24 ± 0.06 [10].

To summarize, besides the parameter δ_{EW} controlling electroweak penguin contributions also the normalization of the amplitude A_{3/2} is known from theory, albeit with some uncertainty related to nonfactorizable SU(3)-breaking effects. The only remaining unknown hadronic parameter in (2.17) is the strong-interaction phase ϕ_{3/2}. The various constraints on the structure of the isospin amplitude A_{3/2} discussed here constitute the main theoretical simplification of B → πK decays, i.e., the only simplification that becomes exact in a well-defined limit of QCD.

5We disagree with the result for this correction presented in [11].

2.4 Structure of the amplitude combination B_{1/2} + A_{1/2} + A_{3/2}

The above result for the isospin amplitude A_{3/2} helps understanding better the structure of the sum of amplitudes introduced in (2.4). To this end, we introduce the following exact parametrization:

B_{1/2} + A_{1/2} + A_{3/2} = |P | [ e^{iπ}e^{iϕP} − ε_{3/2} 3 e^{iγ} ( e^{iϕ3/2} − ξe^{iϕ1/2} )] , (2.22)

where we have made explicit the contribution proportional to the weak phase e^{iγ} contained in A_{3/2}. From a comparison with the parametrization in (2.4) it follows that

ε_a e^{iη} = ε_{3/2} 3 e^{iϕ} ( ξ e^{iΔ} − 1 ) , (2.23)

where ϕ = ϕ_{3/2} − ϕ_P and Δ = ϕ_{1/2} − ϕ_{3/2}. Of course, this is just a simple reparametrization. However, the intuitive expectation that ε_a is small, because this term receives contributions only from the penguin (P_u − P_t) and from annihilation topologies, now becomes equivalent to saying that ξ e^{iΔ} is close to 1, so as to allow for a cancelation between the contributions corresponding to final-state isospin I =^1_2 and I =^3_2 in (2.23). But this can only happen if there are no sizable final-state interactions. The limit of elastic final-state interactions can be recovered from (2.23) by setting ξ = 1, in which case we reproduce results derived previously in [5, 6]. Because of the large energy release in B → πK decays, however, one expects inelastic rescattering contributions to be important as well [7, 21]. They would lead to a value ξ ≠ 1.

From (2.23) it follows that

ε_a = ε_{3/2} 3 √ 1 − 2ξ cos Δ + ξ^2 = 2 √ ξ 3 ε_{3/2} ( 1 − ξ 2 √ ξ )_2

+ sin^2 Δ 2 , (2.24)

where without loss of generality we define ε_a to be positive. Clearly, ε_a ≪ ε_{3/2} provided the phase difference Δ is small and the parameter ξ close to 1. There are good physics reasons to believe that both of these requirements may be satisfied. In the rest frame of the B meson, the two light particles produced in B → πK decays have large energies and opposite momenta. Hence, by the colour-transparency argument [20] their final-state interactions are expected to be suppressed unless there are close-by resonances, such as charm–anticharm intermediate states (DD̄_s, J/ψ K, etc.). However, these contributions could only result from the charm penguin P_c [33, 34] and are thus included in the term |P | e^{iϕP} in (2.4). As a consequence, the phase difference ϕ = ϕ_{3/2} − ϕ_P could quite conceivably be sizable. On the other hand, the strong phases ϕ_{3/2} and ϕ_{1/2} in (2.22) refer to the matrix elements of local four-quark operators of the type b̄sūu and differ only in the isospin of the final state. We believe it is realistic to assume that |Δ| = |ϕ_{1/2} − ϕ_{3/2}| < 45^∘. Likewise, if the parameter ξ were very different from 1 this would correspond to a gross failure of the generalized factorization hypothesis (even in decays into isospin eigenstates), which works so well in the global analysis of hadronic two-body decays of B mesons [22]. In view of this empirical fact, we think it is reasonable to assume that 0.5 < ξ < 1.5. With this set of parameters, we find that ε_a < 0.35ε_{3/2} < 0.1. Thus, we expect that the rescattering effects parametrized by ε_a are small. A more detailed estimate will be given in section 2.6.

A constraint on the parameter ε_a can be derived assuming U-spin invariance of the strong interactions, which relates the decay amplitudes for the processes B^± → π^±K^0 and B^± → K^±K̄^0 up to the substitution [7, 9, 13] λ_u → V^∗_{ub}V_{ud} ≃ λ_u λ , λ_c → V^∗_{cb}V_{cd} ≃ −λ λ_c , (2.25) where λ ≈ 0.22 is the Wolfenstein parameter. Neglecting SU(3)-breaking corrections, the CP-averaged branching ratio for the decays B^± → K^±K̄^0 is then given by

Br(B^± → K^±K̄^0) ≡ 1 2 [ Br(B^+ → K^+K̄^0) + Br(B^− → K^−K^0) ] = |P |^2 [ λ^2 + 2ε_a cos η cos γ + (ε_a/λ)^2 ] , (2.26)

which should be compared with the corresponding result for the decays B^± → π^±K^0 given in (2.21). The enhancement (suppression) of the subleading (leading) terms by powers of λ implies potentially large rescattering effects and a large direct CP asymmetry in B^± → K^±K̄^0 decays. In particular, comparing the expressions for the direct CP asymmetries,

A_{CP}(π^+K^0) ≡

Br(B^+ → π^+K^0) − Br(B^− → π^−K̄^0) Br(B^+ → π^+K^0) + Br(B^− → π^−K̄^0) = 2ε_a sin η sin γ 1 − 2ε_a cos η cos γ + ε^2_a , A_{CP}(K^+K̄^0) = −

2ε_a sin η sin γ λ^2 + 2ε_a cos η cos γ + (ε_a/λ)^2

, (2.27)

one obtains the simple relation [9] − A_{CP}(K^+K̄^0) A_{CP}(π^+K^0) = Br(B^± → π^±K^0) Br(B^± → K^±K̄^0)

. (2.28)

In the future, precise measurements of the branching ratio and CP asymmetry in B^± → K^±K̄^0 decays may thus provide valuable information about the role of rescattering contributions in B^± → π^±K^0 decays. In particular, upper and lower bounds on the parameter ε_a can be derived from a measurement of the ratio

R_K =

Br(B^± → K^±K̄^0) Br(B^± → π^±K^0) = λ^2 + 2ε_a cos η cos γ + (ε_a/λ)^2 1 − 2ε_a cos η cos γ + ε^2_a

. (2.29)

Using the fact that R_K is minimized (maximized) by setting cos η cos γ = −1 (+1), we find that λ( √ R_K − λ) 1 + λ √ R_K ≤ ε_a ≤ λ( √ R_K + λ) 1 − λ √ R_K . (2.30)

This generalizes a relation derived in [7]. Using data reported by the CLEO Collaboration [1], one can derive the upper bound R_K < 0.7 (at 90% CL) implying ε_a < 0.28, which is not yet a very powerful constraint. However, a measurement of the branching ratio for B^± → K^±K̄^0 could improve the situation significantly. For the purpose of illustration, we note that from the preliminary results quoted for the observed event rates one may deduce the “best fit” value R_K ∼ 0.15 (with very large errors!). Taking this value literally would give the allowed range 0.03 < ε_a < 0.14.

Based on a detailed analysis of individual rescattering contributions, Gronau and Rosner have argued that one expects a similar pattern of final-state interactions in the decays B^± → K^±K̄^0 and B^0 → K^±K^∓ [12]. One could then use the tighter experimental bound Br(B^0 → K^±K^∓) < 2 × 10^{−6} to obtain ε_a < 0.16. This is not a model-independent result, because the decay amplitudes for B^0 → K^±K^∓ are not related to those for B^± → π^±K^0 by any symmetry of the strong interactions. Nevertheless, this observation may be considered a qualitative argument in favour of a small value of ε_a.

2.5 Structure of the amplitude combination A_{1/2} + A_{3/2}

None of the simplifications we found for the isospin amplitude A_{3/2} persist for the amplitude A_{1/2}. Therefore, the sum A_{1/2} + A_{3/2} suffers from larger hadronic uncertainties than the amplitude A_{3/2} alone. Nevertheless, it is instructive to study the structure of this combination in more detail. In analogy with (2.12), we parametrize the matrix elements of the local operators C_±Q̄_± between a B meson and the (πK) isospin state with I =^1_2 by hadronic parameters K^±_{1/2} e^{iϕ±1/2} , so that

−3A_{1/2} = K^+_{1/2} e^{iϕ+1/2} (e^{iγ} − δ_+) + K^−_{1/2} e^{iϕ−1/2} (e^{iγ} + δ_+) . (2.31)

Next, we define parameters ε^′ and r by ε^′ 2 (1 ± r) ≡ 2 3|P | ( K^±_{1/2} + K^±_{3/2} ) . (2.32)

This general definition is motivated by the factorization approximation, which predicts that r ≃ a_2/a_1 = 0.21 ± 0.05 is the phenomenological colour-suppression factor [22], and ε^′ ε_{3/2} ≃ a_1A_K a_1A_K + a_2A_π

= 0.84 ± 0.04 . (2.33)

With the help of these definitions, we obtain

−2(A_{1/2} + A_{3/2}) |P | ≃ ε^′ 2 [ (1 + r) e^{iϕ+1/2} (e^{iγ} − δ_+) + (1 − r) e^{iϕ−1/2} (e^{iγ} + δ_+) ] + + 2ε_{3/2} 3 ( e^{iϕ3/2} − e^{iϕ+1/2} ) (e^{iγ} − δ_+) , (2.34) where we have neglected some small, SU(3)-breaking corrections to the second term. Nevertheless, the above relation can be considered a general parametrization of the sum A_{1/2} +A_{3/2}, since it still contains two undetermined phases ϕ^±_{1/2} and magnitudes ε^′ and r.

With the explicit result (2.34) at hand, it is a simple exercise to derive expressions for the quantities entering the parametrization in (2.5). We find ε_T e^{iϕT} = ε^′ 2 e^{iϕ+1/2} [ (e^{iΔϕ1/2} + 1) + r(e^{iΔϕ1/2} − 1) ] + 2ε_{3/2} 3 ( e^{iϕ3/2} − e^{iϕ+1/2} ) ,

q_C e^{iωC} = δ_+ r(e^{iΔϕ1/2} + 1) + (e^{iΔϕ1/2} − 1) +

4ε_{3/2} 3ε^′ [ e^{i(ϕ3/2−ϕ+1/2)} − 1 ]

(e^{iΔϕ1/2} + 1) + r(e^{iΔϕ1/2} − 1) +

4ε_{3/2} 3ε^′ [ e^{i(ϕ3/2−ϕ+1/2)} − 1 ] , (2.35)

where Δϕ_{1/2} = ϕ^−_{1/2} − ϕ^+_{1/2}. This result, although rather complicated, exhibits in a transparent way the structure of possible rescattering effects. In particular, it is evident that the assumption of “colour suppression” of the electroweak penguin contribution, i.e., the statement that q_C = O(r) [3, 9, 11, 35], relies on the smallness of the strong-interaction phase differences between the various terms. More specifically, this assumption would only be justified if

|Δϕ_{1/2}| < 2r ^= 25^∘ , |ϕ_{3/2} − ϕ^+_{1/2}| < 3r 2 ε^′ ε_{3/2} ^= 15^∘ . (2.36)

We believe that, whereas the first relation may be a reasonable working hypothesis, the second one imposes a strong constraint on the strong-interaction phases, which cannot be justified in a model-independent way. As a simple but not unrealistic model we may thus consider the approximate relations obtained by setting Δϕ_{1/2} = 0: ε_T e^{iϕT} ≃ ε^′ e^{iϕ+1/2} + 2ε_{3/2} 3 ( e^{iϕ3/2} − e^{iϕ+1/2} ) ,

q_C e^{iωC} ≃ δ_+ r + 2ε_{3/2} 3ε^′ [ e^{i(ϕ3/2−ϕ+1/2)} − 1 ]

1 + 2ε_{3/2} 3ε^′ [ e^{i(ϕ3/2−ϕ+1/2)} − 1 ] . (2.37)

These results were derived previously in [6], where the fact that in the case of a sizable phase difference between the I =^1_2 and I =^3_2 isospin amplitudes the electroweak penguin contribution may no longer be as small as O(r) has been stressed. Likewise, there is some uncertainty in the value of the parameter ε_T , which in the topological amplitude approach corresponds to the ratio |T − A|/|P | [19]. Unlike the parameter ε_{3/2}, the quantities ε^′ and r cannot be determined experimentally using SU(3) symmetry relations. But even if we assume that the factorization result (2.33) is valid and take ε_{3/2} = 0.24 and ε^′ = 0.20 as fixed, we still obtain 0.12 < ε_T < 0.20 depending on the value of the phase difference (ϕ_{3/2} − ϕ^+_{1/2}). Note that from the approximate expression (2.37) it follows that ε_T < ε^′ provided that ε^′/ε_{3/2} > 2/3, as indicated by the factorization result. This observation may explain why previous authors find the value ε^′ = 0.15±0.05 [36], which tends to be somewhat smaller than the factorization prediction ε^′ ≈ 0.20.

2.6 Numerical results

Before turning to phenomenological applications of our results, it is instructive to consider some numerical results obtained using the above parametrizations. Since our main concern in this section is to study rescattering effects, we will keep ε_{3/2} = 0.24 fixed and assume that ε^′/ε_{3/2} = 0.84 ± 0.04 and r = 0.21 ± 0.05 as predicted by factorization. Also, we shall use the factorization result for the parameter κ in (2.15). Later, we will vary these parameters within their respective ranges of uncertainty.

For the strong-interaction phases we consider two sets of parameter choices: one which we believe is realistic and one which we think is very conservative. For the realistic set, we require that 0.5 < ξ < 1.5, |ϕ_{3/2} − ϕ^{(+)}_{1/2} | < 45^∘, and |ϕ^+_I − ϕ^−_I | < 20^∘ (with I =^1_2 or^3_2 ). For the conservative set, we increase these ranges to 0 < ξ < 2, |ϕ_{3/2} − ϕ^{(+)}_{1/2} | < 90^∘, and |ϕ^+_I − ϕ^−_I | < 45^∘. In our opinion, values outside these ranges are quite inconceivable. Note that, for the moment, no assumption is made about the relative strong-interaction phases of tree and penguin ampltiudes. We choose the various parameters randomly inside the allowed intervals and present the results for the quantities ε_a e^{iη} in units of e^{iϕ}, ε_T e^{iϕT} in units of e^{iϕ3/2} , and q_{(C)} e^{iω(C)} in units of δ_+ in the form of scatter plots in figures 1 and 2. The black and the gray points correspond to the realistic and to the conservative parameter sets,

Figure 1: Real and imaginary parts of the quantities x = ε_a e^{i(η−ϕ)} (left) and y = ε_T e^{i(ϕT −ϕ3/2)} (right) for different choices of hadronic parameters.

respectively. The same colour coding will

Figure 2: Real and imaginary parts of the quantity z = (q_C /δ_+) e^{iωC} . The accumulation of points in the lower-right corner shows the corresponding results for the quantity (q/δ_+) e^{iω}. Only points with Im z > 0 are shown.

be used throughout this work.

The left-hand plot in figure 1 shows that the parameter ε_a generally takes rather small values. For the realistic parameter set we find ε_a < 0.08, whereas values up tp 0.15 are possible for the conservative set. There is no strong correlation between the strong-interaction phases η and ϕ. An important implication of these observations is that, in general, the difference between the quantities ε_{3/2} and ε̄_{3/2} in (2.6) is very small. We shall therefore consider the same range of values for the two parameters. From the right-hand plot in figure 1 we observe that for realistic parameter choices 0.15 < ε_T < 0.22; however, values between 0.08 and 0.24 are possible for the conservative parameter set. Consequently, a theoretical uncertainty of 10% on the value of ε_T , which has been argued to be achievable in [35], cannot be reached without precise information on the strong-interaction phases ϕ^±_{1/2} and ϕ_{3/2}. Note that there is a rather strong correlation between the strong-interaction phases ϕ_T and ϕ_{3/2}, which differ by less than 20^∘ for the realistic parameter set. We will see in section 5 that this implies a strong correlation between the direct CP asymmetries in the decays B^± → π^0K^± and B^0 → π^∓K^±. Figure 2 shows that, even for the realistic parameter set, the ratio q_C /δ_+ can be substantially larger than the naive expectation of about 0.2. Indeed, values as large as 0.7 are possible, and for the conservative set the wide range 0 < q_C /δ_+ < 1.4 is allowed. Likewise, the strong-interaction phase ω_C can naturally be large and take values of up to 75^∘ even for the realistic parameter set. (Without loss of generality, only points with positive values of ω_{(C)} are displayed in the plot. The distribution is invariant under a change of the sign of the strong-interaction phase.) This is in stark contrast to the case of the quantity q e^{iω} entering the isospin amplitude A_{3/2}, where both the magnitude q and the phase ω are determined within very small uncertainties, as is evident from the figure.

For completeness, we note that there are additional uncertainties in the values of ε_T and q_C e^{iωC} resulting from the model dependence of the factorization predictions for the parameters ε^′ and r in (2.35), which are not constrained by SU(3) symmetry. These uncertainties, which are difficult to estimate, do not affect the analysis of B^± → πK decays, but they do complicate the description of neutral B decays.

3. Hadronic uncertainties in the Fleischer–Mannel bound

As a first phenomenological application of the results of the previous section, we investigate the effects of rescattering and electroweak penguin contributions on the bound on γ derived from the ratio R defined in (1.2). In general, R ≠ 1 because the parameter ε_T in (2.5) does not vanish. To leading order in the small quantities ε_i, we find R = 1 − 2ε_T [ cos ϕ̃ cos γ − q_C cos ( ϕ̃ + ω_C ) ] + O(ε^2_i ) , (3.1)

where ϕ̃ = ϕ_T − ϕ_P . Because of the uncertainty in the values of the hadronic parameters ε_T , q_C and ω_C , it is difficult to convert this result into a constraint on γ. Fleischer and Mannel have therefore suggested to derive a lower bound on the ratio R by eliminating the parameter ε_T from the exact expression for this ratio. In the limit where ε_a and q_C are set to zero, this yields R ≥ sin^2γ [3]. However, this simple result must be corrected in the presence of rescattering effects and electroweak penguin contributions. The generalization is [9] R ≥ 1 − 2q_C ε_a cos(ω_C + η) + q^2_C ε^2_a (1 − 2q_C cos ω_C cos γ + q^2_C )(1 − 2ε_a cos η cos γ + ε^2_a) sin^2γ . (3.2)

The most dangerous rescattering effects

Figure 3: Results for the ratio R versus |γ| (in degrees) for different choices of hadronic parameters. The curve shows the minimal value R_{min} = sin^2γ corresponding to the original Fleischer–Mannel bound. The horizontal line and band show the current experimental value of R with its 1σ variation.

arise from the terms involving the electroweak penguin parameter q_C . As seen from figure 2, even restricting ourselves to the realistic parameter set we can have 2q_C cos ω_C ≈ δ_+ ≈ 0.7 and q^2_C ≈ 0.5 δ^2_+ ≈ 0.2, implying that the quadratic term in the denominator by itself can give a 20% correction. The rescattering effects parametrized by ε_a are presumably less important.

The results of the numerical analysis are shown in figure 3. In addition to the parameter choices described in section 2.6, we vary ε_{3/2} and δ_+ in the ranges 0.24 ± 0.06 and 0.68 ± 0.11, respectively. For the quantities ε^′/ε_{3/2} and r we take the ranges 0.84±0.04 and 0.21±0.05 predicted by factorization. Now also the relative strong-interaction phase ϕ between the penguin and I =^3_2 tree amplitudes enters. We allow values |ϕ| < 90^∘ for the realistic parameter set, and impose no constraint on ϕ at all for the conservative parameter set. The figure shows that the corrections to the Fleischer–Mannel bound are not as large as suggested by the result (3.2), the reason being that this result is derived allowing arbitrary values of ε_T , whereas in our analysis the allowed values for this parameter are constrained. However, there are sizable violations of the naive bound R < sin^2γ for |γ| in the range between 65^∘ and 125^∘, which includes most of the region 47^∘ < γ < 105^∘ preferred by the global analysis of the unitarity triangle [32]. Whereas these violations are numerically small for the realistic parameter set, they can become large for the conservative set, because then a large value of the phase difference |ϕ_{3/2} − ϕ^+_{1/2}| is allowed [6]. We conclude that under conservative assumptions only for values R < 0.8 a constraint on γ can be derived.

Fleischer has argued that one can improve upon the above analysis by extracting some of the unknown hadronic parameters q_C , ε_a, ω_C and η from measurements of other decay processes [9]. The idea is to combine information on the ratio R with measurements of the direct CP asymmetries in the decays B^0 → π^∓K^± and B^± → π^±K^0, as well as of the ratio R_K defined in (2.29). One can then derive a bound on R that depends, besides the electroweak penguin parameters q_C and ω_C , only on a combination w = w(ε_a, η), which can be determined up to a two-fold ambiguity assuming SU(3) flavour symmetry. Besides the fact that this approach relies on SU(3) symmetry and involves significantly more experimental input than the original Fleischer–Mannel analysis, it does not allow one to eliminate the theoretical uncertainty related to the presence of electroweak penguin contributions.

4. Hadronic uncertainties in the R_∗ bound

As a second application, we investigate the implications of rescattering effects on the bound on cos γ derived from a measurement of the ratio R_∗ defined in (1.2). In this case, the theoretical analysis is cleaner because there is model-independent information on the values of the hadronic parameters ε_{3/2}, q and ω entering the parametrization of the isospin amplitude A_{3/2} in (2.5). The crucial point noted in [10] is that the decay amplitudes for B^± → π^±K^0 and B^± → π^0K^± differ only in this single isospin amplitude. Since the overall strength of A_{3/2} is governed by the parameter ε̄_{3/2} and thus can be determined from experiment without much uncertainty, we have suggested to derive a bound on cos γ without eliminating this parameter. In this respect, our strategy is different from the Fleischer–Mannel analysis.

The exact theoretical expression for the inverse of the ratio R_∗ is given by

R^{−1}_∗ = 1 + 2ε̄_{3/2} cos ϕ (δ_{EW} − cos γ) + ε_a cos(ϕ − η)(1 − δ_{EW} cos γ) √ 1 − 2ε_a cos η cos γ + ε^2_a + + ε̄^2_{3/2}(1 − 2δ_{EW} cos γ + δ^2_{EW}) , (4.1) where ε̄_{3/2} has been defined in (2.6). Relevant for the bound on cos γ is the maximal value R^{−1}_∗ can take for fixed γ. In [10], we have worked to linear order in the parameters ε_i, so that terms proportional to ε_a could be neglected. In contrast with (3.2), these terms enter only at second order in the expansion in small quantities. Here we shall generalize the discussion and keep all terms exactly. Varying the stronginteraction phases ϕ and η independently, we find that the maximum value of R^{−1}_∗ is given by

R^{−1}_∗ ≤ 1 + 2ε̄_{3/2} | |δ_{EW} − cos γ ± ε_a(1 − δ_{EW} cos γ) | | √ 1 ∓ 2ε_a cos γ + ε^2_a

+ ε̄^2_{3/2} ( 1 − 2δ_{EW} cos γ + δ^2_{EW} ) , (4.2) where the upper (lower) signs apply if cos γ < c_0 (cos γ > c_0) with

c_0 =

(1 + ε^2_a) δ_{EW} 1 + ε^2_a δ^2_{EW}

≃ δ_{EW} . (4.3)

Keeping all terms in ε̄_{3/2} exactly, but working to linear order in ε_a, we find the simpler result R^{−1}_∗ ≤ ( 1 + ε̄_{3/2} |δ_{EW} − cos γ|

)_2

+ ε̄_{3/2}(ε̄_{3/2} + 2ε_a) sin^2γ + O(ε̄_{3/2} ε^2_a) . (4.4)

The higher-order terms omitted here are of order 1% and thus negligible. The annihilation contribution ε_a enters this result in a very transparent way: increasing ε_a increases the maximal value of R^{−1}_∗ and therefore weakens the bound on cos γ.

In [10], we have introduced the quantity Δ_∗ by writing R_∗ = (1 − Δ_∗)^2, so that Δ_∗ = 1 − √ R_∗ obeys the bound shown in (1.3). Note that to first order in ε̄_{3/2} the rescattering contributions proportional to ε_a do not enter.^6 Armed with the result (4.2), we can now derive the exact expression for the maximal value of the quantity Δ_∗, corresponding to the minimal value of R_∗. It is of advantage to consider the ratio Δ_∗/ε̄_{3/2}, the bound for which is to first order independent of the parameter ε̄_{3/2}. We recall that this ratio can be determined experimentally up to nonfactorizable SU(3)-breaking corrections. Its current value is Δ_∗/ε̄_{3/2} = 1.33 ± 0.78.

In the left-hand plot in figure 4, we show the maximal value for the ratio Δ_∗/ε̄_{3/2} for different values of the parameters ε̄_{3/2} and ε_a. The upper (red) and lower (blue) pairs of curves correspond to ε̄_{3/2} = 0.18 and 0.30, respectively, and span the allowed range of values for this parameter. For each pair, the dashed and solid lines correspond to ε_a = 0 and 0.1, respectively. To saturate the bound (4.2) requires to have η − ϕ = 0^∘ or 180^∘, in which case ε_a = 0.1 is a conservative upper limit (see figure 1). The dotted curve shows for comparison the linearized result obtained by neglecting

6Contrary to what has been claimed in [11], this does not mean that we were ignoring rescattering effects altogether. At linear order, these effects enter only through the strong-interaction phase difference ϕ, which we kept arbitrary in deriving the bound on cos γ.

Figure 4: Left: Theoretical upper bound on the ratio Δ_∗/ε̄_{3/2} versus |γ| for various choices of ε̄_{3/2} and ε_a, as explained in the text. The dotted line shows the linear bound derived in [10]. Right: Results for this ratio obtained for different choices of hadronic parameters. The curves show the theoretical bound for ε_a = 0.1 (solid) and ε_a = 0 (dashed). The horizontal line and band show the current experimental value with its 1σ variation.

the higher-order terms in (1.3). The parameter δ_{EW} = 0.64 is kept fixed in this plot. As expected, the bound on the ratio Δ_∗/ε̄_{3/2} is only weakly dependent on the values of ε̄_{3/2} and ε_a. In particular, not much is lost by using the conservative value ε_a = 0.1. Note that for values Δ_∗/ε̄_{3/2} > 0.8 the linear bound (1.3) is conservative, i.e., weaker than the exact bound, and even for smaller values of Δ_∗/ε̄_{3/2} the violations of this bound are rather small. Expanding the exact bound to next-to-leading order in ε̄_{3/2}, we obtain

Δ_∗ ε̄_{3/2}

≤ |δ_{EW} − cos γ| − ε̄_{3/2} ( Δ_∗ ε̄_{3/2}

)_2 − ( 1 2 + ε_a ε̄_{3/2} ) sin^2γ

+ O(ε̄^2_{3/2}) , (4.5)

showing that Δ_∗/ε̄_{3/2} > (1/2 + ε_a/ε̄_{3/2})^{1/2} is a criterion for the validity of the linearized bound. This generalizes a condition derived, for the special case ε_a ≪ ε̄_{3/2}, in [10].

To obtain a reliable bound on the weak phase γ, we must account for the theoretical uncertainty in the value of the electroweak penguin parameter δ_{EW} in the Standard Model, which is however straightforward to do by lowering (increasing) the value of this parameter used in calculating the right (left) branch of the curves defining the bound. The solid line in the right-hand plot in figure 4 shows the most conservative bound obtained by using ε_a = 0.1 and varying the other two parameters in the ranges 0.18 < ε̄_{3/2} < 0.30 and 0.49 < δ_{EW} < 0.79. The scatter plot shows the distribution of values of Δ_∗/ε̄_{3/2} obtained by scanning the strong-interaction param-

Figure 5: Left: Results for the ratio R_∗ obtained for different choices of hadronic parameters. The curves show the theoretical bound for ε_a = 0.1 (solid) and ε_a = 0 (dashed). The horizontal line and band show the current experimental value of R_∗ with its 1σ variation. Right: Results for the ratio R_∗ for different values of the strong-interaction phase |ϕ|, as indicated by the numbers.

eters over the same ranges as we did for the Fleischer–Mannel case in the previous section. The horizontal line and band show the current central experimental value with its 1σ variation. Unlike the Fleischer–Mannel bound, there is no violation of the bound (by construction), since all parameters are varried over conservative ranges. Indeed, for the points close to the right branch of the bound η − ϕ = 0^∘, so that according to figure 1 almost all of these points have ε_a < 0.03, which is smaller than the value we used to obtain the theoretical curve. The dashed curve shows the bound for ε_a = 0, which is seen not to be violated by any point. This shows that the rescattering effects parametrized by the quantity ε_a play a very minor role in the bound derived from the ratio R_∗. We conclude that, if the current experimental value is confirmed to within one standard deviation, i.e., if future measurements find that Δ_∗/ε̄_{3/2} > 0.55, this would imply the bound |γ| > 75^∘, which is very close to the value of 77^∘ obtained in [10].

Given that the experimental determination of the parameter ε̄_{3/2} is limited by unknown nonfactorizable SU(3)-breaking corrections, one may want to be more conservative and derive a bound directly from the measured ratio R_∗ rather than the ratio Δ_∗/ε̄_{3/2}. In the left-hand plot in figure 5, we show the same distribution as in the right-hand plot in figure 4, but now for the ratio R_∗. The resulting bound on γ is slightly weaker, because now there is a stronger dependence on the value of ε̄_{3/2}, which we vary as previously between 0.18 and 0.30. If the current value of R_∗ is confimed within one standard deviation, i.e., if future measurements find that

R_∗ < 0.71, this would imply the bound

Figure 6: Lower bound on the parameter δ_{EW} as a function of R_∗. The upper (red), middle (black) and lower (blue) curves correspond to ε̄_{3/2} = 0.18, 0.24 and 0.30, respectively. The solid and dashed lines refer to ε_a = 0.1 and 0. The band shows the prediction for δ_{EW} in the Standard Model.

|γ| > 72^∘. Besides providing interesting information on γ, a measurement of R_∗ or Δ_∗/ε̄_∗ can yield information about the stronginteraction phase ϕ. In the right plot in figure 5, we show the distribution of points obtained for fixed values of the stronginteraction phase |ϕ| between 0^∘ and 180^∘ in steps of 30^∘. For simplicity, the parameters ε_{3/2} = 0.24 and δ_{EW} = 0.64 are kept fixed in this plot, while all other hadronic parameters are scanned over the realistic parameter set. We observe that, independently of γ, a value R_∗ < 0.8 requires that |ϕ| < 90^∘. This conclusion remains true if the parameters ε_{3/2} and δ_{EW} are varied over their allowed ranges. We shall study the correlation between the weak phase γ and the strong phase ϕ in more detail in section 6.

Finally, we emphasize that a future, precise measurement of the ratio R_∗ may also yield a surprise and indicate physics beyond the Standard Model. The global analysis of the unitarity triangle requires that |γ| < 105^∘ [32], for which the lowest possible value of R_∗ in the Standard Model is about 0.55. If the experimental value would turn out to be less than that, this would be evidence for New Physics. In many extensions of the Standard Model there are additional contributions to the electroweak penguin parameter δ_{EW} arising from penguin and box diagrams containing new heavy particles. This could explain a value of R_∗ smaller than the minimum value allowed in the Standard Model. From (4.4) we obtain the bound

δ_{EW} ≥ √ R^{−1}_∗ − ε̄_{3/2}(ε̄_{3/2} + 2ε_a) sin^2γ_{max} − 1 ε̄_{3/2}

+ cos γ_{max} , (4.6)

where γ_{max} is the maximal value allowed by the global analysis (assuming that γ_{max} > arccos(c_0) ≈ 50^∘). In figure 6, we show this bound for the current value γ_{max} = 105^∘ and three different values of ε̄_{3/2} as well as two different values of ε_a. The gray band shows the allowed range for δ_{EW} in the Standard Model. In the hypothetical situation where the current central values R_∗ = 0.47 and ε̄_{3/2} = 0.24 would be confirmed by more precise measurements, we would conclude that the value of δ_{EW} is at least twice as large as predicted by the Standard Model.

5. Prospects for direct CP asymmetries and prediction for the B^0 → π^0K^0 branching ratio

5.1 Decays of charged B mesons We will now analyse the potential of the various B → πK decay modes for showing large direct CP violation, starting with the decays of charged B mesons. The smallness of the rescattering effects parametrized by ε_a (see figure 1) combined with the simplicity of the isospin amplitude A_{3/2} (see section 2.3) make these processes particularly clean from a theoretical point of view.

Explicit expressions for the CP asymmetries in the various decays can be derived in a straightforward way starting from the isospin decomposition in (2.2) and inserting the parametrizations for the isospin amplitudes derived in section 2. The result for the CP asymmetry in the decays B^± → π^±K^0 has already been presented in (2.27). The corresponding expression for the decays B^± → π^0K^± reads

A_{CP}(π^0K^+) = 2 sin γ R_∗ ε_{3/2} sin ϕ + ε_a sin η − ε_{3/2} ε_a δ_{EW} sin(ϕ − η) 1 − 2ε_a cos η cos γ + ε^2_a

, (5.1)

where the theoretical expression for R_∗ is given in (4.1), and we have not replaced ε_{3/2} in terms of ε̄_{3/2}. Neglecting terms of order ε_a and working to first order in ε_{3/2}, we find the estimate A_{CP}(π^0K^+) ≃ 2ε_{3/2} sin γ sin ϕ ≈ 0.5 sin γ sin ϕ, indicating that potentially there could be a very large CP asymmetry in this decay (note that sin γ > 0.73 is required by the global analysis of the unitarity triangle).

In figure 7, we show the results for the two direct CP asymmetries in (2.27) and (5.1), both for the realistic and for the conservative parameter sets. These results confirm the general observations made above. For the realistic parameter set,

Figure 7: Direct CP asymmetries A_{CP}(π^+K^0) (left) and A_{CP}(π^0K^+) (right) versus |γ|.

and with γ between 47^∘ and 105^∘ as indicated by the global analysis of the unitarity triangle [32], we find CP asymmetries of up to 15% in B^± → π^±K^0 decays, and of up to 50% in B^± → π^0K^± decays. Of course, to have large asymmetries requires that the sines of the strong-interaction phases η and ϕ are not small. However, this is not unlikely to happen. According to the left-hand plot in figure 1, the phase η can take any value, and the phase ϕ could quite conceivably be large due to the different decay mechanisms of tree- and penguin-initiated processes. We stress that there is no strong correlation between the CP asymmetries in the two decay processes, because as shown in figure 1 there is no such correlation between the strong-interaction phases η and ϕ.

5.2 Decays of neutral B mesons

Because of their dependence on the hadronic parameters ε_T , q_C and ω_C entering through the sum A_{1/2} +A_{3/2} of isospin amplitudes, the theoretical analysis of neutral B → πK decays is affected by larger hadronic uncertainties than that of the decays of charged B mesons. Nevertheless, some interesting predictions regarding neutral B decays can be made and tested experimentally.

The expression for the direct CP asymmetry in the decays B^0 → π^∓K^± is

A_{CP}(π^−K^+)=

2 sin γ R ε_T ( sin ϕ̃ − ε_T q_C sin ω_C ) +ε_a [ sin η − ε_T q_C sin ( ϕ̃ − η + ω_C )] 1 − 2ε_a cos η cos γ + ε^2_a , (5.2) where ϕ̃ = ϕ_T − ϕ_P . This result reduces to (5.1) under the replacements q_C → δ_{EW}, ω_C → 0, R → R^{−1}_∗ , and ε_T → ε_{3/2}. The corresponding expression for the direct CP asymmetry in the decays B^0 → π^0K^0 and B̄^0 → π^0K̄^0 is more complicated and will not be presented here. Below, we shall derive an exact relation between the various asymmetries, which can be used to compute A_{CP}(π^0K^0).

Gronau and Rosner have emphasized that one expects A_{CP}(π^−K^+)≈A_{CP}(π^0K^+), and that one could thus combine the data samples for these decays to enhance the statistical significance of an early signal of direct CP violation [36]. We can easily understand the argument behind this observation using our results. Neglecting the small rescattering contributions proportional to ε_a for simplicity, we find

A_{CP}(π^−K^+) A_{CP}(π^0K^+) ≃ 1 R_∗R ε_T ( sin ϕ̃ − ε_T q_C sin ω_C ) ε_{3/2} sin ϕ ≃ 1 R_∗R ε_T ε_{3/2} . (5.3)

In the last step, we have used that the electroweak penguin contribution is very small because it is suppressed by an additional factor of ε_T , and that the stronginteraction phases ϕ and ϕ̃ are strongly correlated, as follows from the right-hand plot in figure 1. Numerically, the right-hand side turns out to be close to 1 for most of

Figure 8: Correlation between the direct CP asymmetries ACP1 = A_{CP}(π^0K^+), ACP2 = A_{CP}(π^−K^+), and ACP3 = A_{CP}(π^0K^0).

parameter space. This is evident from the left-hand plot in figure 8, which confirms that there is indeed a very strong correlation between the CP asymmetries in the decays B^0 → π^∓K^± and B^± → π^0K^±, in agreement with the argument given in [36].

The decays B^0 → π^0K^0 and B̄^0 → π^0K̄^0 have not yet been observed experimentally, but the CLEO Collaboration has presented an upper bound on their CPaveraged branching ratio of 4.1 × 10^{−5} [1]. In analogy with (1.2), we define the ratios

R_0 = τ(B^+) τ(B^0) 2 [ Br (B^0 → π^0K^0) + Br ( B̄0 → π0K̄0 )] Br (B^+ → π^+K^0) + Br ( B^− → π^−K̄^0 ) ,

R_{0∗} = 2 [ Br (B^0 → π^0K^0) + Br ( B̄0 → π0K̄0 )] Br (B^0 → π^−K^+) + Br ( B̄0 → π+K− ) = R_0 R . (5.4)

Using our parametrizations for the different isospin amplitudes, we find that the ratios R, R_∗ and R_0 obey the relations

R_0 − R + R^{−1}_∗ − 1 = Δ_1 , R_0 − R R_∗ = Δ_2 + O(ε̄^3_i ) , (5.5)

where

Δ_1 = 2ε̄^2_{3/2} (1 − 2δ_{EW} cos γ + δ^2_{EW}) − 2ε̄_{3/2} ε̄_T (1 − δ_{EW} cos γ) cos(ϕ_T − ϕ_{3/2}) − −2ε̄_{3/2} ε̄_T q_C (δ_{EW} − cos γ) cos(ϕ_T − ϕ_{3/2} + ω_C ) , Δ_2 = Δ_1 − 4ε̄^2_{3/2}(δ_{EW} − cos γ)^2 cos^2ϕ +

+4ε̄_{3/2} ε̄_T (δ_{EW} − cos γ) cos ϕ [ q_C cos(ϕ̃ + ω_C ) − cos γ cos ϕ̃ ] , (5.6)

Figure 9: Ratio R_0 (left), and correlation between the ratios R_∗ and R_{0∗} (right).

and ε̄_T is defined in analogy with ε̄_{3/2} in (2.6), so that ε̄_T /ε_T = ε̄_{3/2}/ε_{3/2}. The first relation in (5.5) generalizes a sum rule derived by Lipkin, who neglected the terms of O(ε^2_i ) on the right-hand side as well as electroweak penguin contributions [37]. The second relation is new. It follows from the fact that R_{0∗} = R_∗ + O(ε^2_i ), which is evident since the pairs of decay amplitudes entering the definition of the two ratios differ only in the isospin amplitude A_{3/2}.

The left-hand plot in figure 9 shows results for the ratio R_0 versus |γ|. The dependence of this ratio on the weak phase turns out to be much weaker than in the case of the ratios R and R_∗. For the realistic parameter set we find that 0.7 < R_0 < 1.0 for most choices of strong-interaction parameters. Combining this with the current value of the B^± → π^±K^0 branching ratio, we obtain values between (0.47 ± 0.18) × 10^{−5} and (0.67 ± 0.26) × 10^{−5} for the CP-averaged B^0 → π^0K^0 branching ratio. The right-hand plot in figure 9 shows the strong correlation between the ratios R_∗ and R_{0∗} = R_0/R, which holds with a remarkable accuracy over all of parameter space.

In figure 10, we show the estimates of R_0 obtained by neglecting the terms of O(ε̄^2_i ) and higher in the two sum rules in (5.5). Using the present data for the various branching ratios yields R_0 = (−0.1 ± 0.9) from the first and R_0 = (0.5 ± 0.2) from the second sum rule. Both results are consistent with the theoretical expectations for R_0 exhibited in the left-hand plot in figure 9; however, the second estimate has a much smaller experimental error and, according to figure 10, is likely to have a higher theoretical accuracy as well. This estimate can be rewritten as 1 2 [ Br(B^0 → π^0K^0)+Br(B̄^0 → π^0K̄^0) ] ≃ Br(B^± → π^±K^0) Br(B^0 → π^∓K^±) 4Br(B^± → π^0K^±)

, (5.7)

Figure 10: Estimates of R_0 derived from the first (left) and second (right) sum rule in (5.5).

where the branching ratios on the right-hand side are averaged over CP-conjugate modes. With current data, this relation yields the value (0.33 ± 0.18) × 10^{−5}. Combining the three estimates for the CP-averaged B^0 → π^0K^0 branching ratio presented above we arrive at the value (0.5 ± 0.2) × 10^{−5}, which is about a factor of 3 smaller than the other three B → πK branching ratios quoted in (1.1).

We now turn to the study of the direct CP asymmetry in the decays B^0 → π^0K^0 and B̄^0 → π^0K̄^0. Using our general parametrizations, we find the sum rule

A_{CP} ( π^+K^0 ) − R^{−1}_∗ A_{CP} ( π^0K^+ ) + R A_{CP} ( π^−K^+ ) − R_0 A_{CP} ( π^0K^0 ) = = 2 sin γ ε̄_{3/2} ε̄_T [ δ_{EW} sin ( ϕ_T − ϕ_{3/2} ) − q_C sin ( ϕ_T − ϕ_{3/2} + ω_C )] . (5.8)

By scanning all strong-interaction parameters, we find that for the realistic (conservative) parameter set the right-hand side takes values of less that 4% (7%) times sin γ in magnitude. Neglecting these small terms, and using the approximate equality of the CP asymmetries in B^± → π^0K^± and B^0 → π^∓K^± decays as well as the second relation in (5.5), we obtain the approximate relation

A_{CP} ( π^0K^0 ) ≃ − 1 − R R_∗ R R^2_∗ A_{CP} ( π^0K^+ ) + A_{CP} (π^+K^0) R R_∗ . (5.9)

The first term is negative for most choices of parameters and would dominate if the CP aymmetry in B^± → π^0K^± decays would turn out to be large. We therefore expect a weak anticorrelation between A_{CP}(π^0K^0) and A_{CP}(π^+K^0), which is indeed exhibited in the right-hand plot in figure 9.

For completeness, we note that in the decays B^0, B̄^0 → π^0K_S one can also study mixing-induced CP violation, as has been emphasized recently in [11]. Because of the large hadronic uncertainties inherent in the calculation of this effect, we do not study this possibility further.

6. Determination of γ from B^± → πK, ππ decays

Ultimately, one would like not only to derive bounds on the weak phase γ, but to measure this parameter from a study of CP violation in B → πK decays. However, as we have pointed out in section 2, this is not a trivial undertaking because even perfect measurements of all eight B → πK branching ratios would not suffice to eliminate all hadronic parameters entering the parametrization of the decay amplitudes.

Because of their theoretical cleanness, the decays of charged B mesons are best suited for a measurement of γ. In [14], we have described a strategy for achieving this goal, which relies on the measurements of the CP-averaged branching ratios for the decays B^± → π^±K^0 and B^± → π^±π^0, as well as of the individual branching ratios for the decays B^+ → π^0K^+ and B^− → π^0K^−, i.e., the direct CP asymmetry in this channel. This method is a generalization of the Gronau–Rosner–London (GRL) approach for extracting γ [38]. It includes the contributions of electroweak penguin operators, which had previously been argued to spoil the GRL method [29, 39].

The strategy proposed in [14] relies on the dynamical assumption that there is no CP-violating contribution to the B^± → π^±K^0 decay amplitudes, which is equivalent to saying that the rescattering effects parametrized by the quantity ε_a in (2.4) are negligibly small. It is evident from the left-hand plot in figure 9 that this assumption is indeed justified in a large region of parameter space. Here, we will refine the approach and investigate the theoretical uncertainty resulting from ε_a ≠ 0. As a side product, we will show how nontrivial information on the strong-interaction phase difference ϕ = ϕ_{3/2} − ϕ_P can be obtained along with information on γ.

To this end, we consider in addition to the ratio R_∗ the CP-violating observable ~A ≡ A_{CP}(π^0K^+) R_∗ − A_{CP}(π^+K^0) = 2 sin γ ε̄_{3/2} sin ϕ − ε_a δ_{EW} sin(ϕ − η) √ 1 − 2ε_a cos η cos γ + ε^2_a

. (6.1)

The purpose of subtracting the CP asymmetry in the decays B^± → π^±K^0 is to eliminate the contribution of O(ε_a) in the expression for A_{CP}(π^0K^+) given in (5.1). A measurement of this asymmetry is the new ingredient in our approach with respect to that in [14]. With the definition of ~A as given above, the rescattering effects parametrized by ε_a are suppressed by an additional factor of ε̄_{3/2} and are thus expected to be very small. As shown in section 4, the same is true for the ratio R_∗. Explicitly, we have

R^{−1}_∗ = 1 + 2ε̄_{3/2} cos ϕ (δ_{EW} − cos γ) + ε̄^2_{3/2} (1 − 2δ_{EW} cos γ + δ^2_{EW}) + O(ε̄_{3/2} ε_a) , ~A = 2 sin γ ε̄_{3/2} sin ϕ + O(ε̄_{3/2} ε_a) . (6.2)

These equations define contours in the (γ, ϕ) plane. When higher-order terms are kept, these contours become narrow bands, the precise shape of which depends on the values of the parameters ε̄_{3/2} and δ_{EW}. In the limit ε_a = 0 the procedure described here is mathematically equivalent to the construction proposed in [14]. There, the errors on cos γ resulting from the variation of the input parameters have been discussed in detail. For a typical example, where γ = 76^∘ and ϕ = 20^∘, we found that the uncertainties resulting from a 15% variation of ε̄_{3/2} and δ_{EW} are cos γ = 0.24 ± 0.09 ± 0.09, correspondig to errors of ±5^∘ each on the extracted value of γ.

Our focus here is to evaluate the additional uncertainty resulting from the rescattering effects parametrized by ε_a and η. For given values of ε̄_{3/2}, δ_{EW}, ε_a, η, and γ, the results for R_∗ in (4.1) and ~A in (6.1) can be brought into the generic form A cos ϕ + B sin ϕ = C, where in the case of R_∗

A = 2ε̄_{3/2} δ_{EW} − cos γ + ε_a cos η (1 − δ_{EW} cos γ) √ 1 − 2ε_a cos η cos γ + ε^2_a , B = 2ε̄_{3/2} ε_a sin η (1 − δ_{EW} cos γ) √ 1 − 2ε_a cos η cos γ + ε^2_a , C = R^{−1}_∗ − 1 − ε̄^2_{3/2} (1 − 2δ_{EW} cos γ + δ^2_{EW}) , (6.3)

whereas for ~A

A = 2ε̄_{3/2} ε_a δ_{EW} sin η √ 1 − 2ε_a cos η cos γ + ε^2_a , B = 2ε̄_{3/2}

1 − ε_a δ_{EW} cos η √ 1 − 2ε_a cos η cos γ + ε^2_a ,

C = ~A sin γ

. (6.4)

The two solutions for cos ϕ are given by

cos ϕ = AC ± B √ A^2 + B^2 − C^2 A^2 + B^2

. (6.5)

The physical solutions must be such that cos ϕ is real and its magnitude less than 1.

In figure 11, we show the resulting contour bands obtained by keeping ε̄_{3/2} = 0.24 and δ_{EW} = 0.64 fixed to their central values, while the rescattering parameters are scanned over the ranges 0 < ε_a < 0.08 (corresponding to the realistic parameter set in figure 1) and −180^∘ < η < 180^∘. Assuming that sin γ > 0 as suggested by the global analysis of the unitarity triangle, the sign of ~A determines the sign of sin ϕ. In the plot, we assume without loss of generality that 0^∘ ≤ ϕ ≤ 180^∘. For instance, if R_∗ = 0.7 and ~A = 0.2, then the two solutions are (γ, ϕ) ≈ (98^∘, 25^∘) and (γ, ϕ) ≈ (153^∘, 67^∘), only the first of which is allowed by the upper bound γ < 105^∘ following from the global analysis of the unitarity triangle [32]. It is evident that the contours are rather insensitive to the rescattering effects parametrized by ε_a and η.

For the examples considered here, the er-

Figure 11: Contours for the quantities R_∗ (red “hyperbolas”) and ~A (blue “circles”). The scatter plots show the results including rescattering effects, while the lines refer to ε_a = 0. The solid curves correspond to the contours for R_∗ = 0.7 and ~A = 0.2, the dashed ones to R_∗ = 0.9 and ~A = 0.4.

ror on γ due to these effects is at most^7 ±5^∘, which is similar to the errors resulting from the theoretical uncertainties in the parameters ε̄_{3/2} and δ_{EW}. The combined theoretical uncertainty is of order ±10^∘ on the extracted value of γ.

To summarize, the strategy for determining γ would be as follows: From measurements of the CP-averaged branching ratio for the decays B^± → π^±π^0, B^± → π^±K^0 and B^± → π^0K^±, the ratio R_∗ and the parameter ε̄_{3/2} are determined using (1.2) and (1.4), respectively. Next, from measurements of the rate asymmetries in the decays B^± →π^±K^0 and B^± → π^0K^± the quantity ~A is determined. From the contour plots for the quantities R_∗ and ~A the phases γ and ϕ can then be extracted up to discrete ambiguities. In this determination one must account for theoretical uncertainties in the values of the parameters ε̄_{3/2} and δ_{EW}, as well as for rescattering effects parametrized by ε_a and η. Quantitative estimates for these uncertainties have been given above.

7. Conclusions

We have presented a model-independent, global analysis of the rates and direct CP asymmetries for the rare two-body decays B → πK. The theoretical description exploits the flavour symmetries of the strong interactions and the structure of the low-energy effective weak Hamiltonian. Isospin symmetry is used to introduce a minimal set of three isospin amplitudes. The explicit form of the effective weak Hamiltonian in the Standard Model is used to simplify the isovector part of the interaction. Both the numerical smallness of certain Wilson coefficient functions and the Dirac and colour structure of the local operators are relevant in this context. Finally, the U-spin subgroup of flavour SU(3) symmetry is used to simplify the structure of the isospin amplitude A_{3/2} referring to the decay B → (πK)_{I=3/2}. In the limit of exact U-spin symmetry, two of the four parameters describing this

7If future measurements of B^± → K^±K̄^0 decays show that ε_a is much smaller than 0.08, this error would be reduced accordingly.

amplitude (the relative magnitude and strong-interaction phase of electroweak penguin and tree contributions) can be calculated theoretically, and one additional parameter (the overall strength of the amplitude) can be determined experimentally from a measurement of the CP-averaged branching ratio for B^± → π^±π^0 decays. What remains is a single unknown strong-interaction phase. The SU(3)-breaking corrections to these results can be calculated in the generalized factorization approximation, so that theoretical limitations enter only at the level of nonfactorizable SU(3)-breaking effects. However, since we make use of SU(3) symmetry only to derive relations for amplitudes referring to isospin eigenstates, we do not expect gross failures of the generalized factorization hypothesis. We stress that the theoretical simplifications used in our analysis are the only ones rooted on first principles of QCD. Any further simplification would have to rest on model-dependent dynamical assumptions, such as the smallness of certain flavour topologies with respect to others.

We have introduced a general parametrization of the decay amplitudes, which makes maximal use of these theoretical constraints but is otherwise completely general. In particular, no assumption is made about strong-interaction phases. With the help of this parametrization, we have performed a global analysis of the branching ratios and direct CP asymmetries in the various B → πK decay modes, with particular emphasis on the impact of hadronic uncertainties on methods to learn about the weak phase γ = arg(V^∗_{ub}) of the unitarity triangle. The main phenomenological implications of our results can be summarized as follows:

• There can be substantial corrections to the Fleischer–Mannel bound on γ from enhanced electroweak penguin contributions, which can arise in the case of a large strong-interaction phase difference between I =^1_2 and I =^3_2 isospin amplitudes. Whereas these corrections stay small (but not negligible) if one restricts this phase difference to be less than 45^∘, there can be large violations of the bound if the phase difference is allowed to be as large as 90^∘.

• Rescattering effects play a very minor role in the bound on γ derived from a measurement of the ratio R_∗ of CP-averaged B^± → πK branching ratios. They can be included exactly in the bound and enter through a parameter ε_a, whose value is less than 0.1 even under very conservative assumptions. Including these effects weakens the bounds on γ by less than 5^∘. We have generalized the result of our previous work [10], where we derived a bound on cos γ to linear order in an expansion in the small quantity ε̄_{3/2}. Here we refrain from making such an approximation; however, we confirm our previous claim that to expand to linear order is justified (i.e., it yields a conservative bound) provided that the current experimental value of R_∗ does not change by more than one standard deviation. The main result of our analysis is given in (4.2), which shows the exact result for the minimum value of the ratio R_∗ as a function of the parameters δ_{EW}, ε̄_{3/2}, and ε_a. The first parameter describes electroweak penguin contributions and can be calculated theoretically. The second parameter can be determined experimentally from the CP-averaged branching ratios for the decays B^± → π^±π^0 and B^± → π^±K^0. We stress that the definition of ε̄_{3/2} is such that it includes exactly possible rescattering contributions to the B^± → π^±K^0 decay amplitudes. The third parameter describes a certain class of rescattering effects and can be constrained experimentally once the CP-averaged B^± → K^±K̄^0 branching ratio has been measured. However, we have shown that under rather conservative assumptions ε_a < 0.1.

• The calculable dependence of the B^± → πK decay amplitudes on the electroweak penguin contribution δ_{EW} offers a window to New Physics. In many generic extensions of the Standard Model we expect deviations from the value δ_{EW} = 0.64 ± 0.15. We have derived a lower bound on δ_{EW} as a function of the value of the ratio R_∗ and the maximum value for γ allowed by the global analysis of the unitarity triangle. If it would turn out that this value exceeds the Standard Model prediction by a significant amount, this would be evidence for New Physics. In particular, we note that if the current central value R_∗ = 0.47 would be confirmed, the value of δ_{EW} would have to be at least twice its standard value.

• We have studied in detail the potential of the different B → πK decay modes for showing large direct CP violation and investigated the correlations between the various asymmetries. Although in general the theoretical predictions suffer from the fact that an overall strong-interaction phase difference is unknown, we conclude that there is a fair chance for observing large direct CP asymmetries in at least some decay modes. More specifically, we find that the direct CP asymmetries in the decays B^± → π^0K^± and B^0 → π^∓K^± are almost fully correlated and can be up to 50% in magnitude for realistic parameter choices. The direct CP asymmetry in the decays B^0 → π^0K^0 and B̄^0 → π^0K̄^0 tends to be smaller by about a factor of 2 and anticorrelated in sign. Finally, the asymmetry in the decays B^± → π^±K^0 is smaller and uncorrelated with the other asymmetries. For realistic parameter choices, we expect values of at most 15% for this asymmetry.

• We have derived sum rules for the branching ratios and direct CP asymmetry in the decays B^0 → π^0K^0 and B̄^0 → π^0K̄^0. A rather clean prediction for the CP-averaged branching ratio for these decays in given in (5.7). We expect a value of (0.5 ± 0.2) × 10^{−5}, which is about a factor of 3 less than the other B → πK branching ratios.

• Finally, we have presented a method for determining the weak phase γ along with the strong-interaction phase difference ϕ from measurements of B^± → πK, ππ branching ratios, all of which are of order 10^{−5}. This method generalizes an approach proposed in [14] to include rescattering corrections to the B^± → π^±K^0 decay amplitudes. We find that the uncertainty due to rescattering effects is at most ±5^∘ on the extracted value of γ, which is similar to the errors resulting from the theoretical uncertainties in the parameters ε̄_{3/2} and δ_{EW}. The combined theoretical uncertainty in our method is of order ±10^∘.

A global analysis of branching ratios and direct CP asymmetries in rare two-body decays of B mesons can yield interesting information about fundamental parameters of the flavour sector of the Standard Model, and at the same time provides a window to New Physics. Such an analysis should therefore be a central focus of the physics program of the B factories, which in many respects is complementary to the timedependent studies of CP violation in neutral B decays into CP eigenstates.

Acknowledgments

This is my last paper as a member of the CERN Theory Division. It is a pleasure to thank my colleagues for enjoyful interactions during the past five years. I am very grateful to Guido Altarelli, Martin Beneke, Gian Giudice, Michelangelo Mangano, Paolo Nason and, especially, to Alex Kagan for their help in a difficult period. I also wish to thank Andrzej Buras, Guido Martinelli, Chris Sachrajda, Berthold Stech, Jack Steinberger and Daniel Wyler for their support. It is a special pleasure to thank Elena, Jeanne, Marie-Noelle, Michelle, Nannie and Suzy for thousands of smiles, their friendliness, patience and help. Finally, I wish to the CERN Theory Division that its structure may change in such a way that one day it can be called a Theory Group.

References

[1] J. Alexander, Rapporteur’s talk presented at the 29th International Conference on High-Energy Physics, Vancouver, B.C., Canada, 23–29 July 1998; see also: CLEO Collaboration (M. Artuso et al.), Conference contribution CLEO CONF 98-20.

[2] A.S. Dighe, M. Gronau and J.L. Rosner, Phys. Rev. Lett. 79 (1997) 4333 [hep-ph/9707521].

[3] R. Fleischer and T. Mannel, Phys. Rev. D 57 (1998) 2752 [hep-ph/9704423].

[4] A.J. Buras, R. Fleischer and T. Mannel, Nucl. Phys. B 533 (1998) 3 [hep-ph/9711262].

[5] J.M. Gérard and J. Weyers, Eur. Phys. J. C 7 (1999) 1 [hep-ph/9711469];

D. Delepine, J.M. Gérard, J. Pestieau and J. Weyers, Phys. Lett. B 429 (1998) 106 [hep-ph/9802361].

[6] M. Neubert, Phys. Lett. B 424 (1998) 152 [hep-ph/9712224].

[7] A.F. Falk, A.L. Kagan, Y. Nir and A.A. Petrov, Phys. Rev. D 57 (1998) 4290 [hep-ph/9712225].

[8] D. Atwood and A. Soni, Phys. Rev. D 58 (1998) 036005 [hep-ph/9712287]. [9] R. Fleischer, Eur. Phys. J. C 6 (1999) 451 [hep-ph/9802433], Phys. Lett. B 435 (1998) 221 [hep-ph/9804319].

[10] M. Neubert and J.L. Rosner, Phys. Lett. B 441 (1998) 403 [hep-ph/9808493]. [11] A.J. Buras and R. Fleischer, A general analysis of γ determinations from B → πK decays, CERN-TH/98-319, hep-ph/9810260.

[12] M. Gronau and J.L. Rosner, Phys. Rev. D 58 (1998) 113005 [hep-ph/9806348]. [13] X.-G. He, SU(3) analysis of annihilation contributions and CP violating relations in B → P P decays, hep-ph/9810397.

[14] M. Neubert and J.L. Rosner, Phys. Rev. Lett. 81 (1998) 5076 [hep-ph/9809311]. [15] For a review, see: G. Buchalla, A.J. Buras and M.E. Lautenbacher, Rev. Mod. Phys.

68 (1996) 1125 [hep-ph/9512380].

[16] M. Gronau, Phys. Lett. B 265 (1991) 389. [17] Y. Nir and H.R. Quinn, Phys. Rev. Lett. 67 (1991) 541;

H.J. Lipkin, Y. Nir, H.R. Quinn and A.E. Snyder, Phys. Rev. D 44 (1991) 1454. [18] L.L. Chau et al., Phys. Rev. D 43 (1991) 541.

[19] O.F. Hernández, D. London, M. Gronau and J.L. Rosner, Phys. Lett. B 333 (1994) 500 [hep-ph/9404281]; Phys. Rev. D 50 (1994) 4529 [hep-ph/9404283].

[20] J.D. Bjorken, in: New developments in high-energy physics, E.G. Floratos and A.

Verganelakis eds., Nucl. Phys. 11 (Proc. Suppl.) (1989) 325.

[21] J.F. Donoghue, E. Golowich, A.A. Petrov and J.M. Soares, Phys. Rev. Lett. 77 (1996) 2178 [hep-ph/9604283].

[22] M. Neubert and B. Stech, in: Heavy flavours (Second Edition), A.J. Buras and M.

Lindner eds., World Scientific, Singapore 1998, pag. 294. [23] R. Fleischer, Phys. Lett. B 365 (1996) 399 [hep-ph/9509204].

[24] P. Rosnet, talk presented at the 29th International Conference on High-Energy Physics, Vancouver, B.C., Canada, 23–29 July 1998.

[25] M. Bauer, B. Stech and M. Wirbel, Z. Physik C 34 (1987) 103. [26] N. Isgur, D. Scora, B. Grinstein and M.B. Wise, Phys. Rev. D 39 (1989) 799. [27] R. Casalbuoni et al., Phys. Lett. B 299 (1993) 139 [hep-ph/9211248]. [28] P. Ball, J. High Energy Phys. 09 (1998) 005 [hep-ph/9802394]. [29] N.G. Deshpande and X.-G. He, Phys. Rev. Lett. 74 (1995) 26 [hep-ph/9408404], errata: ibid. 74 (1995) 4099.

[30] M. Gronau, D. Pirjol and T.-M. Yan, Model-independent electroweak penguins in B decays to two pseudoscalars, CLNS 98/1582, hep-ph/9810482;

M. Gronau and D. Pirjol, Weak phases γ and α from B^+, or B^0 and B_s decays, CLNS 98/1591, hep-ph/9811335.

[31] K. Agashe and N.G. Deshpande, Determining the weak phase γ in the presence of rescattering, OITS-667, hep-ph/9812278.

[32] For a recent analysis, see: J.L. Rosner, Lattice QCD and heavy quarks, EFI-98-45,

hep-ph/9809545, to appear in the Proceedings of the 16th International Symposium

on Lattice Field Theory, Boulder, Colorado, 13–18 July 1998.

[33] A.J. Buras and R. Fleischer, Phys. Lett. B 341 (1995) 379 [hep-ph/9409244]. [34] M. Ciuchini, E. Franco, G. Martinelli and L. Silvestrini, Nucl. Phys. B 501 (1997) 271 [hep-ph/9703353], errata: ibid. 531 (1998) 656; Nucl. Phys. B 512 (1998) 3 [hep-ph/9708222].

[35] M. Gronau and J.L. Rosner, Phys. Rev. D 57 (1998) 6843 [hep-ph/9711246]. [36] M. Gronau and J.L. Rosner, Combining CP asymmetries in B → Kπ decays, SLAC- PUB-7945, hep-ph/9809384.

[37] H.J. Lipkin, A useful approximate isospin equality for charmless strange B decays,

hep-ph/9809347.

[38] M. Gronau, J.L. Rosner and D. London, Phys. Rev. Lett. 73 (1994) 21 [hep-ph/9404282].

[39] O.F. Hernández, D. London, M. Gronau and J.L. Rosner, Phys. Rev. D 52 (1995) 6374 [hep-ph/9504327].